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FOREWORD

This report is one of a series of related papers covering various aspects of

a broad program to investigate the flow-field variables associated with hypersonic-
velocity projectiles in free flight under controlled environmental conditions,

This research is being conducted in the Flight Physics Range of General Motors
Defense Research Lauvoratories, and is supported by the Advanced Research
Projects Agency under Contract No. DA-04-495-ORD-3567 (Z). It is intended

that this series of reports, when completed, shall form a background of knowl -
edge of the phenomena involved in the basic study and thus aid in a better under-

standing of the data obtained in the investigation,

it
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ABSTRACT

Several commonly used approximations of the transmission coefficient
of a uniform plasma slab are critically examined and compared with a new
approximation developed in this report. It is shown that the new approxima-
tion, in addition to being very suitable for use on digital computers, gives
much higher accuracy than any other one over most useful values of plasma
and collision frequencies, A series of charts shows the regions of validity
of each approximation in the plasma frequency-collision frequency plane

for various amounts of error and slab thicknesses.
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" INTRODUCTION

In many physieal situations it is desirable to measure the electron density‘

;and electron collision frequency of an ionized medium, which determine its

—'_ele(:tro,magnetic constitutive parameters, without material contact between the

) ‘meésuring instrument and the plasma. The free-space microwave propagation

—93)*
techmque, many variations of Whl(h have been described in the hterature( 3)

is extremely useful ior-thls purpose In the most general form of this technique,

"a microwave beam of known field_ structure is used to illuminate the plasma and

measurements are made of the amplitude and phase of hoth the transmitted and
the reflected fields. The interpretation of these measurements in terms of
plasma properties depends on a theoretical model of the plasma-microwave
interaction, which is often highly idealized in the interests of analytical
simplicity, However, in many instances, good résults may be obtained by

comparing the measured data with calculations based on the theory of the

interaction of a uniform plane electromagnetic wave with a plane parallel-
sided homog~neous plasma slab. Even in this simplified case it is sometimes
necessary to approximate the exact analytical expressions in order to facilitate

numerical interpretation, Several such approximations have been widely

used, 1,3, 4"5)but rarely with any precise knowledge of the error incurred. It

xs the specific purpose of this report to review these approximations as well

as several others,(6 N

to calculate the error compared to the exact theory in
each case, and to define the range of validity of each approximation. Errors
which result from the lack of similitude between the experimental configuration

and the theoretical model are not considered here.

Following a discussion of the desirability of measuring the transmission
coefficient of a plane slab as opposed to the reflection coefficient, the various
a[')p'r‘oximate expressions for the transmission coelficient are reviewed in

* Raised numbers in parentheses refer to references, listed at the end of
this report.
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r‘plation to a new approximation presented in this report. This new approxima-
-tion has two major features, First, the normalized plasma frequency OI')"‘ and
normalized collision frequency Q‘c as determined from the approximate formu-
l‘gs agree within a few percent with the exact values over most plasma conditions
of practical interest. Second, nl') and Qé are given by simple algebraic

expressions which can be easily incorporated into digital-computer programs.

‘This latter featur.é is regarded as an essential criterion in determining whether

a. given approximation is useful, because in much of microwave plasma diagnos-
tics (especially that devoted to transient events) a large amount -of data reduction
is required, and thus the use of a digital computer for data processing is
necessary. The iterative determination of p and nc from transcendental

. equations involving the measured transmission coefficient (which is required

if the rigorous expressions are used) requires prohibitively long computer-
operation time, An additional feature of this new approximation is that Ol')

and' Oé are expressed as sums of terms containing the measured quantities
raised to various powers. From this form the poorer approximations are
obtained by neglecting the higher orders of small terms involving the measured

(1,2,4,5)

quantities. Approximations referred-to in the literature are located in

this hierarchy and are examined for consistency.

Inthe examination of each approximation, in addition to the consistency
test, Q[') and ﬂ«é are computed from the approximate formulas and are
compared to the exact values over most practical conditions of interest. The
approximations COnSidered' in addition to the approximation developed in this

(1,49 (@)
plasma.(7) Finally, all approximations are compared by plotting prescribed error

paper are for a loss-free plasma, a low-loss plasma, "’and an underdense

limits in an np - rzc plane, which illustrates in a graphic way the useful

“operating range of each approximation..

- The prime indlcates an approxlmate quantity and the absence of the prime

' indicates the exact value,
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THE TRANSMISSION AND REFLECTION COEFFICIENTS
OF A PLANE PLASMA SLAB '

For a uniform plane electromagnetic wave, normally incident on a plane ‘
parallel -sided homogeneous plasma slab, the external -quantities that are
available for measurement are the complex transmission and reflection
coefficients. Assuming that the plasma may be regarded as an equivalent
dielectric, the expressions for the transmission and reflection coefficients
can then be written by referring to any standard derivation of the transmission
and reflection coefficients of a dielectric layer (see, for example, References
8 and 9). The transmission coefficient is given by
Et 4 Npexp [—j kv d (Np -1)]

T S = :
E; (Np+ 1)1[- ‘(Np - 1‘)2 exp (-27pd)

1

where Et and Ei are the complex amplitudes of the electric fields of the trans-
mitted and incident waves, respectively, evaluated at the slab interface where

the transmitted wave emerges, and
2

0 1/2
(1. P - L .
Np =(1 TTW) complex refractive index of plasma
w 1 2 n 1/2
o =-£-2 ( a.n, = normalized plasma frequency
p w w e M
V.

n;% = normalized collision frequency
wp . = angular plasma frequency
V. = collision frequency of electrons
w = angular frequency of incident wave
q = charge on an electron
m = mass of an electron
n = electron density
€ v‘ = capacitivity of free space
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\
Av = free space wavelength of incident wave
d = thickness of the plasma slab
y_ =]k N _ = propagation constant for a plane electro-

magnetic wave in plasma

The definition of the transmission coefficient in Expression (1) is convenient
because the phase of T is then identical to the phase change that would be
measured when the plasma slab is introduced into the path of the electro-
magnetic wave.

Similarly, the reflection coefficient is defined as

r

E, (- sz) [1 -exp(-2v d]
£ -

R

i

(2)
o 1)% - N - 1)2 exp(-2y d)

where Er and Ei are the complex amplitudes of the reflected and incident
electromagnetic waves, respectively, evaluated at the incident interface of the
plasma slab,

The plasma slab exhibits wave propagation characteristics similar to those
(10) For negligible collision frequency

(0c< < 1) transmission occurs for plasma frequencies below the critical
plasma frequency (0‘p’< 1). The transmitted wave is virtually cut off for

np> 1. Reflection is low in the transmission region ( < 1) and high in the
cut-off region (np> 1), Significant flictuations in both quantities occur as

np approaches unity. As the collision frequency increases, transmission

of the unbounded plasma medium,

decreases in the transmission region and the cut off near critical plasma
frequency (Qp = 1) is less well defined. For large n.c the transmission and
reflection coefficients change very gradually, so that the transmission and
cut-off regions can no longer be defined, '
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If either the complex transmission or reflection coefficient is known, the
plasma properties .Qp and Qc can be deduced uniquely providing that the
thickness d is known. In cases where d is not known, bith coefficients in

their complex form are needed. It will be assumed hereafter (hat d is known.

The measurement of the reflection coefficient presents several experimental
difficulties. First, the practical problems which arise in separating the received
reflected microwave signal from leakage from the microwave transmitter are con-
siderable. Unless extreme precautions are taken, a fraction of the transmitter
signal will be present in the receiver and intérference will take place. The
resulling signal will depend on the relative phase between the reflected and
leakage signals,and this depends on the absolute phase stability of the trans-
mitter. Second, the phase of the reflected signal critically depends on the
distance between the transmitter and the reflecting interface. If the phase of
the reflection coefficient is to be measured, then this distance must be known
absolutely at every instant to a high degree of accuracy. As an example, a
physical movement of the plasma interface by a hundredth of a wavelength of
the incident wave will cause a spurious phase change of 7.2 degrees. Third,
in the transmission region the magnitude of the reflection coefficient is very
small and can be (for the purpose of this discussion) approximated by the
value 1o for X <<1, where n, is the electynn density which would éause

4 n, nc
1

cut-off at the frequency «. Thus, for %—~ = 19 it follows that IRI < 0. 025,

d
Spurious reflections due to the plasma container, microwave windows, wave-
guide components, etc., can be easily of this order and will cause severe
interference with the reflected signal. Consequently, it is extremely difficult

to accurately measure by the reflection technique electron density in the range
N < ilﬁ
e

ionization gradients in the direction of propagation of the electromagnetic wave.

. Fourth, the reflection coefficient is extremely sensitive to any

As was mentioned in the Introduction, a uniform plasma slab is an idealized
model of the real plasma. The sharp boundaries of the idealized slab are never
realize 1 in a practical case, and the presence of a diffuse boundary layer is
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ihevitable. These gradients will act as matching sections to further decrease
actual reflection power and therefore introduce additional error unless precise
information about these gradients is known.

All of these difficulties can be avoided by measuring the transmission
cpefficient, Small changes in the transmission coeificient can be measured
aéé'ujrately,* with almost no spurious effects from causes such as diffraction
and movement of the plasma interfaces. The transmission coefficient is more
sensitive to the total number of electrons along the propagation path than to
local gradients of electron density.

The forégoing arguments present sufficient reason for measuring the
transmission coefficient rather than the reflection coefficient of a plane slab
whenever this is possible. It remains to be shown that the interpretation of
the measured transmission coefficient in terms of np and Q'C is also much
more straightforward in view of the good approximations that can be made to
the rigorous Expression (1). This in itself is a sufficiently good reason for
using a measurement of the transmission coefficient rather than the reflection
coefficient to determine the plasma frequéency and collision frequency in a
plasma slab,

* For example, for a -plaéma tén wavelengths: thick, 2—-& 0. 001 can be reliably
measured by the transmission te,c'hnique.(7°) c
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NEED FOR TRANSMISSION COEFFICIENT APPROXIMATION

In principle, Expression (1) for the transmission coefficient may also be

written

T=1(0, 0, d) 8y Q. d) (3)

where T (Qp, Qc, d) and 6 (np, Oc’ d) are transcendental functions of the

plasma slab properties as indicated.

(@)

and if A0 and A are the amplitudes of the transmitted wave before and after |

If the transmission coefficient is measured by a substitution method,

the insertion of the slab, respectively, and if ¢ is the phase shift of the
tr,anlsmitted wave caused by the insertion of the slab in the beam, then

A j | | - ,
o ,

From Expressions (3) and (3a) it can be seen that
d) 4)
d) 5

In principle, these equations may be inverted to give ﬂp and ﬁc in terms
of A/Ao, ¢, and d. However, because of the complexity of 7 (np, nc, d) and
6 (»O'p, Qc, d) in this case, the inversion cannot be carried out explicitly.

In some situations it is practical to use a graphical solution. T can be
computed rigorously from Expression (1) and 7 and 6 can be plotted as
functions of Op and c for various values of d. The measured values are
located on the appropriate graph and the corresponding values of Q p and Q ¢
are then read off.(g’1 ' B
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If data reduction requires the use of digital computers, the solution for
*Op and O c in terms of the measurable quantities has to be rob,tainied through
transcendental equations, requiring an iterative approach which, for a large
number of data points, proves to be prohibitive in time and cost. An alternative
procedure is then required; one such procedure, the use of manageable
approximate formulas which can be easily inverted to give nl') and Qé
explicitly, will now be pursued.
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APPROXIMATIONS TO THE TRANSMISSION C,OEFFICIENT‘

In all of the transmission coefficient approximations referred to in the

(1,2,4,5),

literature it was assumed (usually implicitly). that propagation through

the plasma slab is unaffected by the presence of the boundaries. In addition te

~this assumption, the propagation constant of the plasma medium was then

" independently approximated. Musa1(7) used. only an approximate form for
y

the propagation constant in the exact expression for the transmission coefficient,

~ which includes the effect of the boundaries, and was able to derive a useful

approximate transmission coefficient. In contrast, Zivanovic(e)used the exact
expression for the propagation constant and only neglected the effects of the
boundaries, from which a different approximate transmission coefficient was
obtained. It was found that this last approximation is more widely applicable
than all the earlier ones, since they can be derived from it as a series of
successively poorer approximations.

In all the approaches discussed in this report, it is the transmission
coefficient that is approximated. The approximate transmission coefficient is
then inverted to explicitly express Q!') and Q(‘: in terms of the amplitude and
phase angle of the measured transmission coefficient, It is important to
recognize that a given approximation in the transmission coeffi¢cient can cause
an error in nl') and Q(': ‘whichv cannot be explicitly predicted in analytic
form. It is therefore necessary to examine the accuracy of the expressions
for Ql') and' Qé numerically. This can be done as follows. Values of Qp,

Oc’ and d for a plasiha slab are assigned and the exact transmission coefficient

is calculated from Expression (1). Using this value for the transmission coefficient, .
ni) and n(': are then calculated from the inverted approximate expressions. It ‘

is then possible to compare Q»l'J and n;: with Op and Q c gnd to see directly
the error caused by the approximate expressions,
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There are a number of ways in which the error caused by the approximate
‘iexpressions may be shown graphically. In this report, two methods are used.

. éFirst, the relative errors in both nl') and n(': are plotted as functions of

iﬂ' and né. The choice of Q!') and n(': (rather than np and nc)as the

. ‘iridependent variables was made because QI') and Q(': are the quantities that

are calculated and hence available, whereas Qp and Qc are not known in
the actual measurement situation. Second, a mapping of the np - Qc plane
into the Qb - O(': plane is given, These charts can be used to determine
the exact values of Qp and Qc when the approximate values of QI') and Q(':
-aré known. These charts illustrate very lucidly, by the deviation of the

n -0 c”.lines from the 0") - n(', grid, the parameter regions in which the
approximate values are in large error. Both types of error representation are
given for each approximation (non-reflecting boundary, underdense plasma,
and low-loss plasma) for O' and né in the range from zero to 0. 95 and for

'd/)"v in the range from one to ten in steps of one.

THE NONREFLECTIVE BOUNDARY APPROXIMATION (NRBA)
After some rearrangement, Expression (1) may be written in the form

exp [ jl;vd(l 7Np)]

I+ F (6)

‘where

1.4 , :
F=z0 p {l-exp(-z'ypd)]-

The factor F is due to the multiple reflections from the slab boundaries,

10
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Defining quantities a and b (not to be confused with the attenuation and

l . phase constants @ and Bp of the plasma!) as

! N AL L g A @)
! 3% 37q¢ M AT k“va_' n A

, @A, o '

b Pryd T Kd ®

the measured transmission coeificient given in Expression (3) can be written

as
T = exp [kvd(-a+jba : | (9)
Equating Expressions (9) and (6) results in
exp,[kvd (-a+ jbf’ = I%T exp [] kvd (l—Np)] (10) ”
t - It is seen from (6a) that, for small np, F can be neglected compared with

unity due to the Qp4 factor, When Qp is close to unity the transmission
coefficient depends exponentially on Q:p, and neglecting F would be compen-

(8)

sated by only a slight change of '(-'-Ip in the exponential, Zivanovic' "’ sets
F = 0 and obtains an approximate transmission coefficient, given by
rY i -’.‘ ' .
T' = exp []kvd(l N p)] (11)
Equation (10) then reduces (with F = 0) to the form
. C o er? 12
-a+jb= 1-N')=j 1- ({1~ - ) 12
a+] i Np) i ( Tl')Tﬁ(':_ (12)
an'd, after some manipulation, this can be inverted to give
X 2 2
alogp.ptia . (oD o ay)
P 1-1p,l 2
2°7%h

11
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Q' = a 1-b o (14
7
¢ b 1 1 b 1 af
"3 P33

Here a and b and consequently QI') and né can be easily calculated from

_the directly measured quantities Ao’ A, and ¢ using Equations (7), (8), (13)

and (14). The values of np and nc as functions of 91'3 and Qé are pre-

sented in Figures 1 to 10 and the relative errors incurred by this approximation
‘are shown in Figures 11 to 30. It can be seen that the agreement between the 7
exact and approximate values is excellent for a wide range of plasma frequency
(0< ﬂ‘p < 0.95), collision frequency (0 < o, < 0.95) and thickness of the
medium ( )‘v <d <10 xv). ' )

THE UNDERDENSE PLASMA APPROXIMATION (UDPA)

Musa’l(7)has shown that when
2
<< ‘ , (15)

then 7_1') can be written as

Q'z

‘ . 1 P
' = -

'—'j—n—(.':‘— ) (16)

Substituting Expression (16) into Expression (1) and making usé of approxima-
tion (15) reduces the expression for T to

o' o2 a?
" . ) - 1 _cp .1 P
el (-3 S0y )]
+Q 1+0' |
i c c (17)
Equating Expressions (17) and (9), one gets
L a0 2 - ,
3 __22__ = a (18)
1+ né

12
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where again a and b are defined by (7) and (8) in terms of the méasured

quantities Ao’ A and o.

Equations (18) and (19) can be solved for nl') and Q! togive’
02 - 2p 4 22 (20)
P ' b s

t - a o V
Qc = B (21)

Expressions (20) and (21) can be obtained from the more accurate
Expressions (13) and (14) by retaining only terms of the first order in a and
b in a power series expansion, This is consistent with the initial approximation
(15) which implicitly neglects higher-order terms.

The graphs representing np and Qc for the underdense approximation
as functions of n[') and Qc are given in Figures 31 to 40. The errors
incurred in both Q—é and vﬂ(': are given in Figures 41 to 60. The approxima-
ni) approaches unity. As can be seen from the graphs, this approximation is

very good even for very large values of collision frequency.

Goldstein(s) has derived Equations (18) and (19) by simply approximating
fyp and neglecting multiple reflections from the beginning.

THE LOW-LOSS PLASMA APPROXIMATION (LLPA)

Whitmer}z) neglecting multiple reflections and assuming that & c2<< 1 and
Op4<< 1, has derived the following approximation for ‘){p :

13
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1 o Q!
Y = [y -3 - ah (22)
b (a-af)

Substitution of this into Expression (11) for the reflectionless transmission
coeffic'ient results in

Q a o 2

G—;;T)%z_ + [1 - (1-%2) 1/2]}_ (23)

Comparison of Expression (23) with the measured transmission coefficient

[T

T' = exp ‘kvd {- :

asgiven in Expression (9) gives

2 ,
Qo
1 c
= a (24)
3 —Lm(l-nl’, T
1-(1-0;)2)1/2 = b (25)

which can be readily inverted to yield
, 2
Q" = 2b-h (26)

@1

Comparing these to Expressions (13) and (14), one inconsistency is noted.
Whitmer's approximation is equivalent to neglecting the second order of a and
hence Expression-(27) is consistent with (14). However, the third term in
Exipression (13) contains a dominant factor 2 az/b., which is not necessarily of
smaller order than a but has been neglected in Expression (26). Computations
of Q' and Q": based on Expressions (26) and (27) bear out the suggestion that

the third term in Expression (13) should not have been neglected. The results are
shown in Figures 61 to 70. and the errors in Qp and Q(': are given in Figures
71 to 90, There is no doubt that large errors arise when 0 ¢ is not close to zero.
These could be reduced considerably by making a more consistent approximation,
as indicated above. . ‘

14
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Wharton(la)has used a similar approximation, except that in his expression
'irfor B he has retained a term in ch as a part of a series expansion. This
;‘would lead to the presence of a third term in Expression (26) similar to that in
'Expression {13). However, because of the series expansion, the conversion of
:Wharton's o p and Bp to QE’ and Q(': cdnnot be carried out.

‘THE LOSSLESS PLASMA APPROXIMATION

With nvc = 0, Equation (13) becomes
nbz‘ = 2b - b (28)

which is equal to Whitmer's Expression (26), Equation (28) (in a slightly
different form) has been widely used in microwave interferomet_ry.(l’ 9 This
is just a special case of both non-reflective boundaries and low-~loss plasma

approximations.
The values of ni) from Equation (28) can be obtained either from the

_ charts representing the nonreflective boundary approxiination or the low-loss
approximation for the special case of Q e 0.

15/16
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COMPARISON OF APPROXIMATIONS

There is little doubt that the new approximation presented here leads to
values of Q[‘) and n'c that agree with the exact values well within the error

. limits normally encountered in microwave diagnostic experiments. The

" expressions for QE" and n(': are simple enough that they can be incorporated

readily into any digital-computing program. Thus, from the point of view of
interpreting experimental data, this approximation satisfies all practical
requirements.

Since the other approximations can be derived from this approximation by
neglecting the higher order terms in it, they can be no better than it. However,
it is of interest to compare them numerically; this can be done most conveniently
by plotting constant-error contours in the Qp - Qc plane for both the plasma
frfeq,uency and the collision frequency for the various approximations. Percentage- _
error contours are shown in Figures 91 to 106. Referring to Figures 91 thru 98, |
which show the one-percent-error contours,it can be seen that the new approxi-
‘mation covers most of the useful range of rzp and Qc. The lossless approxi-
mgti’on (Wharton) includes most of the ‘ﬂp axis (Qc = 0), whereas the low-loss
approximation (Whitmer)extends this coverage into a finite strip adjacent to the
Op axis (ch< <1). On the other hand, thezunderdense approximation (Musal)
covers a strip adjacent to the ‘Qc axis (Dp <«1). In this sense, the under-

dense approximation and the low-loss approximation are complementary. Similar

~ behavior prevails for other fixed percentage-error contours, as shown in the

remaining 'flgnres.

17/18
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Figure 40 Exact Values, as Functions of the Calculated Values, of the Normalized
Plasma and Collision Frequencies for the Underdense Plasma Approxi-
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Figure 0} Comparison between Nonreflective Boundary Approximation (NRBA),
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Underdense Plasma Approximation (UDPA) and Low-Loss Plasma
Approximation, for a Value of the Normalized Thickness of the .
Plasma Layer d = 1, Showing Regions where the Error in Plasma
Frequency is less than 1%
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Underdense Plasma Approximation (UDPA) and Low-Loss Plasma
Approximation, for a value of the Normalized Thickness of the Plasma
Layer d = 1, Showing Regions where the Error in Collision Frequency
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Approximation, for a Value of the Normalized Thickness of the
Plasma Layer d = 10, Showing Regions where the Error in Plasma
Frequency is less than 1%
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Figure 99 Comparison between Nonreflective Boundary Approximation (NRBA),
Underdense Plasma Approximation (UDPA) and Low-Loss Plasma
Approximation, for a Value of the Normalized Thickness of the
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Figure 101 Comparison between Nonreflective Boundary Approximation (NRBA),

Underdense Plasma Approximation (UDPA) and Low-Loss Plasma
Approximation, for aValue of the Normalized Thickness of the
Plasma Layer d = 3, Showing Regions where the Error in Plasma

Frequency is less than 8%
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